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We introduce the notion of pure Q-solvable algebra. The quantum matrices, quan- 
tum Weyl algebra, Uq{n) are the examples. It is proved that the skew field of fractions 
of a pure Q-algebra R is isomorphic to the skew field of twisted rational functions. 
This is a quantum version of Gelfand-Kirillov conjecture for solvable algebraic Lie 
algebras. 
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Consider a field k of characteristic zero. Let Q = {qij) be a n x n-matrix with the 

entries qij G k* or qij is an indeterminate, satisfying qijqji = qu = 1. The algebra k[Q] 

cp I is generated by k and q^, i,j = 1,. . .,n. Denote k{Q) = Fract{k[Q]) and T is the 

subgroup in k{Q) generated by k* and the entries of Q. Throughout the paper i? is a 



> 

O. 

^O • fc- algebra with a unit. 



Definition 1.1. We say that i? is a Q-algebra if k[Q] is contained in the center of R 



O 

Q I (i.e. _R is a /i;[(5]-module). 

0^ ■ Definition 1.2. An algebra R is Q-solvable if i? is a Q-algebra, R is freely generated 

as /i;[(5]-module by the elements x^ = x^^x^^ ■ ■ -x™", m = (mi, m2, . . . , m„) G Z" 
and 

XiXj qijXjXi Tij yL.Lj 

where i < j and rij is some element of the subalgebra -Rj+i generated by Xj+i, . . . , x„. 
We remark that a Q-solvable algebra is an iterated skew polynomial extension of k[Q], 
considered in [GL]. 



5^ ! A Q-solvable algebra admites the decreasing chain of subalgebras 

R = RlDR2...DRnD Rn+i = k[Q] 

We consider the lexicographical order < on Z" such that ei > 62 > ■ ■ ■ > e„ where Cj = 
i^h, Si,2, ■ ■ ■ , 5i,n)- We denote by Rijn) the /c[Q]-submodule generated by the elements 
{x^ : p < m}. We define the degree for a G i? as follows deg{a) = min{m : a G R{m)}. 

A Q-solvable algebra is a Z" -filtered algebra. Denote A = gr{R). The algebra A 
is generated by Xi, X2, . . . , Xn with XiXj = q^jXjXi. Thus A is an algebra of twisted 
polynomials. The A is a Noetherian domain. Hence, every solvable Q-algebra i? is a 
Noetherian domain. 

Let R be an arbitrary Q-algebra. For every prime ideal E G Spec{k[Q]) we denote 
Ie = RE, Re = R/Ie and Ze is the center of -R^;. Consider the subset fl in Spec{k[Q]), 
consisting of the prime ideals E such that Re is a domain (this is always true if R is 



Q-solvable) and Re is finitely generated as Ze module. 

Definition 1.3. We say that i? is a pure Q-algebra if Q is dense in Spec{k[Q]) in 

Jacobson topology. 

To check this condition it is sufficient to show that Q contains some family of ideals 

with zero intersection. It is well known that the specialization of quantum algebras 

g i-H^ e at roots of unity leads to the algebras R^ which is finitely generated over center. 

This proves that all algebras of the Examples are pure Q-algebras. Roughly speaking 

a Q-algebra is pure if it has sufficiently many "good" specializations. 

The Main Theorem of the paper asserts that the skew field of fractions of every 
pure Q-solvable algebra is isomorphic to the skew field of twisted rational functions. 

2. ON PURE QUANTUM ALGEBRAS 

We need the following 

Definition 2.1[AD1]. Let R be an arbitrary Noetherian domain. We say that R 

is pure quantum if there is no embedding of the Weyl algebra Ai in the skew field 

Fract{R). 

The Weyl algebra over field k is generated by the elements x, y, related by xy — yx = 1. 

Recall that Ai has no nontrivial ideals. 

Lemma 2.2. Let i? be a Noetherian domain. There exist the elements x,y E 

D = Fract{R) with xy — yx = 1 if and only if there exist the non zero elements 

a,b,c,d,u,v,s,t,z,p,w,q in R, satisfying the conditions av = sd, ub = ct, zu = ps, 

vq = tw, pabw — zcdq = zuvq. 

Proof. See Lemma 2.9 in the paper [ADl]. 

Theorem 2.3. Let i? be a Noetherian domain. Suppose that i? is a pure Q-algebra 

and k[Q] freely acts on R. Then the algebra R is pure quantum. 

Proof. Suppose that the Weyl algebra Ai is embedded in D = Fract{R). There exist 

the elements x,y E D, related xy — yx = 1. According to Lemma 2.2, there exist the 

elements a,b, . . . ,q, obeying the above conditions. One of the following two cases may 

happen : 

1) there exists the ideal E E Q such that all elements a,b, . . . ,q don't belong to the 
ideal Ie or 

2) for every E E Q there exists an element in the set {a, b, . . . ,q} belonging to Ie- 

Suppose that the case 2) holds. Then the product vr of the elements it = ab- ■ ■ q 
belongs to the ideal Iq = ClEen Ie- We shall show that In = 0. 

The R contains a basis {va} over k[Q]- The element n uniquely decomposes in the 
sum TT = X!q VaCa with Cq G C- The element vr lies in Ie whenever Ca G E. It implies 
that, if vr G Jq whenever Ca G ClEen E = 0. We get n = ab- ■ -q = 0. This contradicts 
to the statement that the elements a,b, . - - ,q are non zero. 

Therefore, the case 1) takes place. Denote by a, 6, ■ ■ ■ , g the images of a, 6, . . . , g in 
Re- The Re is a Noetherian domain for every E & Q. Denote De = Fract{RE) - By 
Lemma 2.2, there exist the elements x,y, related xy — yx = 1, in De- Denote by Fe 
the field Fract{ZE)- By definition of Q, De has finite dimension over Fe- Consider 
the mapping x,y \-^ x,y oi the Weyl algebra Ai(Fe) over the field Fe to De- The 
Weyl algebra has no nontrivial ideals; the kernel of the above mapping is trivial. We 



get the embedding of the Weyl algebra in De- However, the dimpj^DE < cxd and 

dimpj^Ai^FE) = oo. A contrudiction. The R is pure quantum. □ 

Corollary 2.4. If R is pure Q-solvable, then R is pure quantum. 

Proof. Every Q-solvable algebra is a Noetherian domain and k[Q] freely acts on R. 

D 

Let q be indeterminate and let qij = g*'^ with Sij e Z. In this case k[Q] = k[q,q^^]. 

Corollary 2.5. Let i? be a Q-solvable algebra over k[q, q~^]. If there exists infinitely 

many specializations e : k[q, q~^] i— >• k* such that R^ is finitely generated as Z^-module, 

then R is pure quantum. 

Proof Is clear. 

3. ELEMENTS OF FINITE ADJOINT ACTION 

Definition 3.1. We say that a; G i? is an element of finite adjoint action ( or X is a 
FA-element) if x is not a zero divisor and for every y E R there exists a polynomial 
fit) = aot^ + ait^~^ + ■ ■ ■ + Cat, Cq 7^ 0, cat 7^ over k such that 

aox^y + aix^~^yx + ■ ■ ■ + a^yx^ = (3.1) 

Proposition 3.2. A FA-element generates an Ore set. 

Proof. We are going to prove that {x*,i G Z+j is an Ore set. We rewrite (3.1) 
as x{aQX^~^y + ■ ■ ■ + aN-iyx^~^) = —a^yx'^. Denoting b = — —{a^x'^^^y + ■ ■ ■ + 
ajq-iyx^^^), we get xh = yx'^ . The existence of bi, obeying hix = x^y, is proved 
similarly. □ 

Denote by R^ the localization of R on the set generated by x. Denote Ad^iy) = 
xyx~^. One can rewrite (3.1) in the ring R^ as 

f{Ad,)y = (3.2) 

Proposition 3.3. Let i? be a Noetherian domain and an algebra over a field F. 
Suppose that R is pure quantum over F and let x be a FA-element in R. We assert 
that, if W is A(ia,-invariant finite dimensional subspace and the minimal polynolial of 
Adx\w decomposes into linear factors over F, then Ad^ is diagonable in W. 
Proof. Suppose that the Jordan form of Ad^ is different from diagonal. Then there 
exist the elements u,v G Rx such that AdxU = au, AdxV = u + aw, a G F. De- 
note Y = au~^vx~^. The simple calculations xYx~^ = AdxY = Adx{<yu~^vx^^) = 
a{Adxu)^^{Adxv)x^^ = aa^^u^^{u + av)x^^ = x^^ + Y yield xY — Yx = 1. The 
Weyl algebra Ai has no nontrivial ideals; the homomorphism x,y ^-^ x,Y oi the Weyl 
algenbra Ai to D has no kernel. The algebra, generated by x and Y, is isomorphic 
to Weyl algebra. This contradicts to the assumption that R is pure quantum. We 
conclude that the Jordan form of Adx coinsides with diagonal form. □ 

4. MAIN THEOREM 

Definition 4.1. An algebra Aq of twisted polynomials is generated by the elements 

yi, . . . , yn, satisfying the relations yiyj = qijyjyi. 



It is well known that Aq is a Noetherian domain. The skew field Fract{AQ) is 
called a skew field of twisted rational functions. 
Definition 4.2. We shall say that an element x semicommutates with an element y 

if xy = qyx for some q & k[Q]. 

Lemma 4.3. Let R' be a /c((5)-algebra. We suppose that R' is freely generated over 

k{Q) by the elements x^ = x"^' ■ ■ ■ xT'x^^{+^ ■ ■ ■ x^™", m = (mi, ms, . . . , m„) G Z\ 

and the generators obey the defining relations: 

i) Xj+i, . . . , a;„ semicommutates with all generators Xi, . . . , x„; 

ii) The generators xi, . . . ,x„ satisfy (1.1), i.e 

JjjJjg tljgjj gjjj / jg 

where j < s < i and Tjg is some element in the subalgera -Rj+i generated by 

j-j_|_l, . . . , J'j_|_i, ■ ■ ■ T^n- 

Then the element Xi is a FA-element in R' and ,futhermore, for every y & R' there 
exists a splitted polynomial fit) = {t — Pi) ■ ■ ■ {t — Pn) with roots in F, satisfying (3.1). 
Proof. The algebra R' admites the decreasing chain of subalgebras 



R = Ri D R2 D . . . D -Rj_|_i- 

The algebra R'i_^_i is an algebra of twisted Laurent polynomials. The algebra R is gener- 
ated as i?^_,_;^-module by the elements x™ = x'^^x'^'^ ■ ■ ■ x™"' where rn = (mi, m2, . . . , m„) G 
Z^. We consider the lexicographical order < on Z\_ as in Intoduction. We define the 
degree for a G i? as follows deg{a) = min{fn G Z!,_ : a G R(jn)}. Denote x = Xj. 

1) We shall prove at this step that x is an Ore element in R'. Let y G R'. We are 
going to prove that there exists N G Z4. and 61 such that x'^y = bix. The existence 
of M G Z_|_ and 62 satisfying yx^ = X62 can de proved similarly. 

We shall prove the statement by induction on deg{y). If deg{y) = 0, then y G R'i^i- 
and it is easy. We assume that the statement is proved for y with deg{y) < rn. Let 
d^giy) = mj^O. The conditions (1.1) implies that there exists /5 G F and b G R' such 
that 

xy = Pyx + b, (4.1) 

where 6 = or deg{b) < deg{y). By the assumption of induction, there exist / G Z+ and 
b' G R' such that x'6 = b'x. Therefore x^'^^y = x\Pyx + b) = x^Pyx + b'x = {x^Py + b')x. 
Denoting A^ = / + 1 and 61 = x^ Py + 6', we get x^y = bix. 

2) At the second step we shall prove that x is a FA-element. Consider the localization 
of R' on X. Let y G R! . The existence of polynomial /(t), satisfying f{Adx)y = 0, will 
be proved by induction on deg{y). 

If deg{y) = 0, then y G R'i^i and the proof in easy. Let deg{y) = m and suppose 
that the statement is proved for the smaller degrees. We use (4.1) and get : 

(Ad^ - P)y = xyx-^ - Py = bx-' (4.2) 

where 6 = or deg{b) < deg{y). By assumption, there exists a polynomial g{t) such 
that giAd^)b = 0. Denote /(t) = git)it - p). Then f{Ad^)y = g{Ad^){Ad^ - p)y = 



giAd,)ibx-') = igiAd^)b)x~' = O.D 

Main Theorem. Suppose that A;-algebra R is pure Q-solvable. Then Fract{R) is 
isomorphic Fract{A) where A = gr{R). In particular, the skew field of fractions of R 
is isomorphic to the skew field of twisted rational functions. 

Proof. We shall replace step by step the algebra R by the algebra R' with genera- 
tors, obeying the conditions i),ii) of Lemma 4.3 , such that Fract{R) = Fract{R') . 
Decreasing i, we get finally the algebra R' of twisted Laurent polynomials. This will 
conclude the proof. 

Denote by S* the Ore set generated by 7 — 7' where 7, 7' G F, 7 7^ 7'. We consider 
the localisation Rs of R over S. This is our first step. 

Suppose that we already have constructed the algebra R' over k[Q]s with the 
generators Xi, . . . ,Xi,xf_^i, . . . ,x^, satisfying i),ii), such that Fract{R) = Fract{R'). 
The algebra R' is Z^-graded and gr{R') = A' is generated by Xi, . . . , Xj, X^^, . . . , X^, 
XiXj = QijXjXi where qij are the same as in (1.1). As in Lemma 4.3 , we denote x = Xi. 

According to Lemma 4.3, x is a FA-element in R'. Denote by R" the localization 
R'^. We have Fract{R') = Fract{R"). We shall choose the elements x\\ . . . iXi^i of 
R" such that the xi , . . . , xi_i, xf, xf_^i, . . . , xJ satisfy the conditions of Lemma 4.3. 
As above R'j (lesp.R'j) is the subalgebra in R', generated by Xj, . . . ,Xi-i,Xi,Ri_^_i ( 
resp. by Xj, . . . , Xi-i,xf, -R^+i). Let y = Xj be one of generators xi, . . . , Xj_i in Ri^. 
By (1.1), 

^y ~ ly^ = r e -Rj+i (4.3) 

with 7 = Qij G r. Consider the minimal Ada;- invariant A;(Q)-subspace W{y) in R' 
k{Q). Since x is a FA-element, then dim W{y) < oo. Let fi{t) be a minimal polynomial 
of y with respect to Adx- The dim W{y) equals to deg{fj.). 

The (4.3) implies Ad^y = 71/ + rx~^. Then = fi{Adx)y = fJ'{'y)y + ^i where 
ri G R'j^i- Since y = Xj ^ R'j+i, then /i(7) = and 7 is a root of /i(t). 

According to Lemma 4.3, fi{t) is decomposed into linear factors with roots in F. 
By Proposition 3.3, Ad^ is diagonal in W{y). Hence fi(t) = (t — 7o)(t — 71) ■ ■ ■ (t — '^M), 
with the different roots 7 = 70, 71, ... , 7m G F. Denote 

fJ'mit) = (t - 7o) ■ ■ ■ (t - 7„) ■ ■ ■ (t - 7m)- 

^j" = (^ -^A...U _ y.f^m{Adx)y 

Since 'ym — Ik ^ S, the element Xj belongs to Ri^ One can decompose y in the sum 

(0) , ^(1) , ... , JM) ,_ . , Jm) _^, fm) 



of eigenvectors y = x,- = x,-|- x, •+■■■ + x,- where Ad^x) = 'jmXj , m G 0, M 



Here M depends on j. Observe that x"^ = const ■ jj,m{Adx)xj. It follows that 



1) the elements Xj, Xj+i, . . . , x„ semicommutates with Xj for all j and m; 



2) if m 7^ 0, then t — 7 divides jj^mit) and, therefore, Xj G R'j^i- We have y = x 



(m) 



3 

x° m.odR'j^^. 

Consider / such that 0<j</<-i — 1. As above one can decompose xi = 
Xi + Xj + ■ ■ ■ + Xj into a sum of eigenvectors: Ad^xl = ipXi \ p E 0, P. The 
elements Xj and x/ satisfies (1.1): 

XjXi - QjiXiXj = Tj+i G i?"+i (4.4) 



We replace Xj and xi by their decompositions into sums of eigenvectors in (4.4): 

(4.5) 



[xf + x« + ■ ■ ■ + xf^){xf^ + xi'^ + ... + xP^ 



q,i{xf^ + x« + ■ ■ ■ + xDixf + xf + ■ ■ ■ + xf )) = r,+i G i^J^^ 



Denote 

A = {(m,p) : < m < M, < p < P,7„ep = To^o} 

Remark that A does not contain any pair (0,p) besides (0,0). 

The subralgebra R'j+i is Arf^^-invariant and Adx is diagonable in every finite di- 
mensional subspace. Decompose r^+i into the sum of eigenvectors. Let t^j^^ be the 
component with the eigenvalue ^o7o in ^j+i- The element r°_|_^ can be calculated via 

(4.5): 

(0) (0) (0) (0) , V^ / (m) (p) (p) (m)-. Q 

Xj Xi ijjixi Xj -|- 2_^ yxj Xi H]lXi Xj ) — I j^i 

Since Xj and X; lies in -Rl'+i for m 7^ and all p, we have 

xfxl'^-q,ix\'^xf = - J2 ix^r^x\'^-q,iX?^x^;^^)+r'^^,eR%, (4.6) 

(m,p)€A 

Recall that Xj = x^modR'j_^_i. This proves that the elements x?, . . . , x°_i, xf , x^^, . . . , x^ 
generate i?" = R'^. Moreover the elements (x?)™"^ ■ ■ ■ (x°_]^)™''"^Xj ™'"'"^ ■ ■ -x^™" with 
{1711,7712, ■■■ jfTLn) G Z" form a free basis of R" over k[Q]s. The relations (4.6) is 
similar to (1.1). It is clear that Fract{R') = Fract{R"). 

We replace R' by R" and begin the process from the beginning. Finally we get 
the algebra i?*^"^-* of twisted Laurent polynomials with Fract{R^"'^) = Fract{R). The 
/^("■) is generated by some elemelents yf, ■ ■ ■ ,yn with the relations yiyj = Qijyjyi. We 
obtain Fract{R) = Fract{R'^"'^) = Fract{A). This proves that Fract{R) is a skew 
field of twisted rational functions. □ 

Definition 4.4. As in Proof of Main Theorem S is the Ore set generated by the 
elements 7 — 7' for 7, 7' G F and 7 7^ 7'. 

Let J be a completely prime ideal in k[Q]. We call J an admissible ideal if it does 
not intersect with S. Note that in the case k[Q] = k[q, q~^], q is an indeterminate, the 
ideal J = k[q,q^^{q — e) is admissible if e is not a root of unity. The specialization 
R h^ Rj (resp.i? ^-^ R,,) will be called admissible specialization. 

Corollary 4.5. Main Theorem is true for the admissible specializations of pure Q- 
solvable algebras. 

Proof. The algebra R is freely generated as A;[(5]-module by the elements x"^ = 
^mi^m.2 _ _ -x™", rrij G Z+. In Main Theorem we construct step by step the knew set 
of generators which are defined over k[Q]s. Finally we get the algebra i?*^""-* of Laurent 
twisted polynomials with the semicommutating generators yf,...,y^. The i?*-"-* is 
freely generated as A; [Qjs- module by the elements y"^ = y^^y^!"^ ■ ■ -y™", mj G Z The 
ideal J does not intersect with S. The algebra Rj is an algebra of Laurent twisted 
polynomials and Fract{Rj) = Fract{Rj ).0 
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5. EXAMPLES 

Example 1. Quantum matrices. 

Let P,Q E Matn{k) be matrices such that Pijqij = c^snij-t)^ PijPji = QijQji = Pi; 
qa = 1. The algebra Mp^q^dn) of regular functions on quantum matrices is generated 
by the elements {atj}"^^^ with the relations 

O'tiO'sj QtsQij O'sjO'ti ^ \Pts Qijj^^si^^tj 

for i<j,t<soTi>j,t>s and 

tttiOisj ^ Pts Qij ^sjOiti 

in all other cases (see [MP]). Denote X(j_i)„+j = aij and Rs is the algebra generated 
by Xf , t = 1, . . . , s. Consider the filtraton: 

R = Rn2D ...D RiDRo = k[Q] 

The MpqJji) is a Q-solvable with respect to this filtration. Consider the specialza- 
tions Pij, c 1—^ Eij, So at roots of unity e^j = l, Sq = 1. The elements a\- with / = /q 11 Uj 
lie in the center of R^. The algebra Re is finitely generated over the center. Therefore 
Mp,Q,c{n) is pure Q-algebra. Well known that monomials of a^- form a A;-basis (see 
[D], 2.4). The Main Theorem asserts that the skew field Fract{Mp^Q^c{n)) is isomor- 
phic to the skew field of fractions of the algebra of twisted polynomials generated by 
{yti}li=i with the relations yuysj = qtsq^^VsjlIti ior i < j, t < s or i > j, t > s and 
VtiVsj = Pu^qij^ysjVti in all other cases (see [P],[MP],[C]). 
Example 2. Quantum Weyl algebra. 

The matrices P, Q and c as in Quantum matrices. A Quantum Weyl algebra Apg c(^) 
is generated by Xj,|/j, i = l,n with relations 

/y . /y . /~f ly . ly . • 

ViVj = PiiViVi ; 

ViXj = PjiXjUi for i < j; 
ViXj = qijXjVi for i > j] 

yiXi = 1 + c'^Xiiji + (c~^ - 1) Ea=i+i Xc^Va ; see [AD2] and ([D],4.2). 
The Quantum Weyl algebra is an iterated skew polynomial extension of k[Q\ ([GL]). 
Therefore the monomials of yi, . . . , |/„, Xi, . . . , x„ form A;[(5]-basis. The Quantum Weyl 
algebra is Q-solvable. Consider the specialzations Pi,c h-* Si,£o into roots of uni- 
ties £/ = 1, Eq = 1. The elements x[ and yl with / = loUk lie in the center 
of Ae = {Ap^Q^c{n))£. The algebra A^ is finitely generated over the center. There- 
fore Ap^Q^c{n) is pure Q-algebra. The Main Theorem implies that the skew field 
Fract{Ap^Q^c{n)) is isomorphic to the skew field of fractions for the twisted polynomial 
algebra, generated by Xi,Yi, i = l,n with relations 
XiXj = q^j XjXi] 

^i^j Pij j i ' 

YiXj = PjiXjYi for i< j] 
YiXj = qijXjYi for i > j; 
Y,X, = c-^X,Y, (see [AD2]). 



Example 3. f/q(n+) 

The quantum universal enveloping algebra R = f/g(n+) for the upper nilpotent subal- 
gebra n"*" is generated over k[q,q~^, (g"^* — g^*^*)^^] by Ei, i = l,n with the quantum 
Chevallley-Serre relations. Fix a reduced expression wq = Sj^ . . . Si^ of the longest 
element in the Weyl group W. Consider the following convex ordering 



Pi = ai^,P2 = Si^{a2),...,P, 



N 



in the set A"*" of positive roots. Introduce the corresponding root vectors for s = 1,N 

([L]): 

For m = {nil, ■ ■ ■ , ^^n) let E'^ = ET^ ■ ■ ■ E^'^ . The elements E™-, m G Z^ form a basis 
of ?7q(n"'") over k[q,q~^, (g*^' — g~*)~"'^] (see [L]). The relations between i?^-, i = 1,N 
as follows [LS]: 

Ep^Ef,^-q-^^-^^^Ep^E^^= Y: c^i?™, (5.1) 

where i < j, Cm € k[q,q~'^] and Cm, 7^ only when m = (mi, . . . ,mAr) is such that 
rUs = for s < i and s > j. The element in the right side of (5.1) belongs to the 
subalgebra -Rj+i generated by Ej^.^^, . . . , Ej^j^ The relations (5.1) have the form (1.1). 
The algebra Uq{r\^) is Q-solvable. The elements E^^, a & A"*" lie in the center of -Rg 
if / is relatively prime to all di, I > max{di} and e is a primitive /-th root of unity 
[DCK]. Hence f/g(n+) is pure Q-algebra. The Main Theorem asserts that the skew 
field Fract{Uq{'n'^)) is isomorphic to the skew field of fractions of the algebra of twisted 
polynomials generated by e^^, i = 1, A^ with the relations e^-C/j. = g~*-^''^^-'e^ e^- , i < j 
(see [J]). By Corollary 4.5, the Main Theorem remains true in the case q & k* and q 
is not a root of unity. 

Acknowledgments. I am very grateful to J.Alev and F.Dumas for support. I 
would like to acknowledge P.Caldero for the following information: the Main Theorem 
of the article for f/q(n) and in some other cases can be derived from Prop. 2. 2, Prop. 2. 3 
of the paper [CI] and also from paragraph 3 of [C2]. 
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